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POINCARE DUALITY COMPLEXES WITH HIGHLY CONNECTED UNIVERSAL 

COVERS 

B.BLEILE AND I.BOKOR 


Abstract. Baues and Bleile showed that, up to oriented homotopy equivalence, a Poincare duality 
complex of dimension n > 3 with (n — 2)-connected universal cover, is classified by its fundamental 
group, orientation class and the image of its fundamental class in the homology of the fundamental 
group. We generalise Turaev’s results for the case n = 3, by providing necessary and sufficient conditions 
for a triple (G,a;,/L), comprising a group, G, oj G (G;^/2Z) and /i G to be realised by a 

Poincare duality complex of dimension n with (n — 2)-connected universal cover, and by showing that 
such a complex is a connected sum of two such complexes if and only if its fundamental group is a free 
product of groups. 


1. Introduction 

Important properties of manifolds, especially global ones such as Poincare duality, depend only on their 
homotopy properties. This realisation led to the notion of Poincare duality complexes as the homotopy 
theoretic generalisation of manifolds, opening the possibility of classifying manifolds using a classification 
of Poincare duality complexes. 

Since not every Poincare duality complex arises from a manifold, such complexes are genuinely more 
general. In this case, the greater generality is not an additional complication, but a convenience, for 
Poincare duality complexes are accessible to algebraic analysis, thereby allowing more computation. This 
has been successfuly exploited by a number of authors to achieve partial classification using algebraic 
invariants. 

In particular, Hendricks classified Poincare duality complexes of dimension 3 {PP^-complexes) up to 
oriented homotopy equivalence using the “fundamental triple”, comprising the fundamental group, the 
orientation character and the image of the fundamental class in the cohomology of the fundamental 
group. 

Turaev ([^) gave an alternative proof of Hendricks’ result and provided necessary and sufficient conditions 
for a triple {G,uj,p), consisting of a group, G, a cohomology class, uj £ Z/2Z), and a homology 

class, p £ P[‘i{G-,IP), where IP denotes the integers, I, regarded as a right Z[G]-module with respect to 
the twisted structure induced by w, to be fundamental triple of a PD^-complex with simply connected 
universal covering space. Central to this was that applying a specific function, which we call the Turaev 
map, to p, yield isomorphism in the stable category of I[G], that is to say, a homotopy equivalence of 
Z[G]-modules. 

Turaev conjectured that his result holds for all PD"-complexes with (n—2)-connected universal cover. 

Baues and Bleile classified Poincare duality complexes of dimension 4 in [2] . Their analysis showed that 
a Poincare duality complex, X, of dimention n > 3, is classified up to oriented homotopy equivalence by 
the triple comprising its (n — 2)-type P„_ 2 (V), its orientation character ojx G (7ri(A); Z/2Z) and 
its fundamental class, [X] £ iI„(A;Z‘^^). 

They called this the fundamental triple of X, as it is a generalisation of Hendricks’ “fundamental triple”, 
for the (n — 2) type of X determines its fundamental group. Moreover, when the universal cover of the 
complex is (n — 2)-connected — automatically the case when n = 3 — the (n — 2) section is an Eilenberg- 
Mac Lane space of type (7ri(A), 1), so that the (n — 2) type and the fundamental group determine each 
other completely, reducing their fundamental triple to that of Hendricks. 
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It follows that two PD"-coinplexes with (n —2)-connected universal cover are homotopically equivalent if 
and only if their fundamental triples are isomorphic, verifying the first part of Turaev’s conjecture. 

Our main results complete a proof of Turaev’s conjecture, which we formulate in two theorems. 

Recall that the group G is of type FP„ if and only if the trivial Z[G]-module Z has a projective resolution, 
P, with Pj finitely generated for j < n. 

Theorem A. Let G be a finitely presentable group, co a cohomology class in (G; ^/2Z), and p a 
homology class in Hn{G;1P). 

If G is of type FPn with H'‘{G] ‘^[G]) = 0 for 1 < i < n — 1, and n > 3, then {G,uj,p) can be realised as 
the fundamental triple of a PD^-complex with (n — 2)-connected universal cover if and only if the Turaev 
map applied to p is an isomorphism in the stable category o/Z[G]. 

Theorem B. A PD^-complex with (n — 2)-connected universal cover, decomposes as connected sum if 
and only if its fundamental group decomposes as a free product of groups. 

Section [5] summarises background material and fixes notation. 

Section [3] contains the formulation and proof of the necessity of the condition for the realisation of a 
fundamental triple by a PD^-complex with (n — 2)-connected universal cover. 

Section |4] completes the proof of Theorem A, with the sufficiency of the condition in Section |3l 

Section [S] contains the proof of Theorem B, showing how the fundamental triple detects connected 
sums. 


2. Background and Notation 


This section summarises background material and fixes notation for the rest of the paper. Details and 
further references can be found in [3]. 


2.1. Let A be the integral group ring, Z[G], of the finitely presented group, G. 

We write I for the augmentation ideal, the kernel of the augmentation map 

aug: A —>• Z, Y^ngg^Y. ^9 

g&G g&G 

where Z is a A-bi-module with trivial A action. 

Each cohomology class w € (G; ^/2Z) may be viewed as a group homomorphism 

oj : G^Z/2Z= {0,1} 

and yields an anti-isomorphism 

A—^A, X = Yngg '—^ A = 

geG geG 


Consequently, a right A-module, A, yields the left A-module, “A, with action given by 

X-a := a.X 


for A € A, a G A. 

Analogously, a left A-module B yields the right A-module, . 

Given left A-modules Aj, Bi for 1 <i <k and 1 < j < we sometimes write the A-morphism 


^ • 0 ^ 0 


2=1 


in matrix form as 


0^, 


2=1 
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for ipij = pTiOipoirij : Aj —> Bi, where iuj is the j**' natural inclusion and pvi the natural projection 
of the direct sum. The composition of such morphisms is given by matrix multiplication. 

If i? is a left A-module and M a A-bi-module, then HomA(i3, M) is a right A-module with action given 
by 

(f.X: B —S’ M, b I—>■ (p{b).X 

The dual of the left A-module B is the left A-module B* = ‘^HomA(i?, A). 

This defines an endofunctor on the category of left A-modules. 

Evaluation defines a natural transformation, ‘^s, from the identity functor to the double dual functor, 
where for the left A-module B, 

^Eb'- B —S’ B** = “^HomA (‘^HomA(i?, A), A), b \ —s- ev^ 

with evf, defined by 

e^: “Hom(i3, A) —>• A, 'tp i—s- ^p{b) 

The left A-module, A, defines the natural transfomation, 77 , from the functor (g)A_to the functor 

HomA (“HomA(_,A), A) where, for the left A-module B, 

ijB ■ A^ (8)a B —S' HomA(i?*, A) = HomA (“HomA(H, A), A) 

is given by 

r]B{a ®b)-. Ip I—S' ip{b).a 

for a (g) 6 G (g)A B. 

The A-morphisms f,g: Ai —S' A 2 are homotopic if and only if the homomorphism 

f-g:Ai —> A 2 , XI — >f{x)-g{x) 
factors through a projective A-module P. 

Associated with A is its stable category, whose objects are all A-modules and whose morphisms are all 
homotopy classes of A-morphisms. Thus, an isomorphism in the stable category of A is a homotopy 
equivalence of A-modules. 

2.2. We work in the category of connected well pointed CIT-complexes and pointed maps. We write 
for the fc-skeleton of X, suppressing the base point from our notation. 

The inclusion of the fc-skeleton into the {k + l)-skeleton induces homomorphisms 

Lk,r: 7r,(X['=l) 

and we write rfe_|_i(Ar) for im(ifc^fc+i). 

From now, we work with the fundamental group of X, and its integral group ring 

A = Z[ 7 ri(W)] 

We take X to be a reduced CIT-complex, so that = {*}, and write 

u: X —S’ a: 

for the universal cover of X, fixing a base point for X in 

We write C(Ar) for the cellular chain complex of X viewed as a complex of left A-modules. 

Since X is reduced, Cq{X) = A. 

The homology and cohomology of X we work with are the abelian groups 

Hq{X;A) :=HgiA Oa C(l)) 

H'i{X-B) := iJ«(HomA(C(X),H)) 
where A is a right A-module and H is a left A-module. 

We write H-q{X; B) for H^{X\ B), when treating cohomology as “homology in negative degree” simpli¬ 
fies the exposition. 
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2.3. An n-dimensional Poincare duality complex (PD"-complex) comprises a reduced connected CW- 

complex, A, whose fundamental group, 7ri(A), is finitely presented, together with an orientation char¬ 
acter, ujx S (7ri(A); ^/2Z), viewed as a group homomorphism 7ri(A) —> and a, fundamental 

class [X] € such that for every r G and left Z[7ri(A)]-module M, the cap product with 

[X], 

_ - [A]: H^{X-, M) —^ Hn-r{X] M“^), a i—^ a - [A] 
is an isomorphism of abelian groups. 

We denote this by (A, wx, [A]). 

Wall (1^, [5]) showed that for n > 3, every PD" complex is standard, meaning that it is homotopically 
equivalent to an n-dimensional CW-complex with precisely one n-cell, whereas a PD^ complex. A, 
is either standard, or weakly standard, meaning that it is homotopically equivalent to one of the form 
A'Ue^, where is a 3-cell and A' is a 3-dimensional CW-complex with i7"'(A'; B) = 0 for all coefficient 
modules B. 

2.4. Homotopy Systems. Baues introduced homotopy systems to investigate when chain complexes 
and chain maps of free A-modules are realised by CW-complexes m)- 

Definition 2.1. Let n be an integer greater than 1. A homotopy system of order (n -I- 1) comprises 

(a) a reduced n-dimensional CW-complex, A, 

(b) a chain complex C of free A := Z[7ri(A)]-modules which coincides with C(A) in degree q when¬ 
ever q < n, 

(c) a homomorphism, fn+i ■ Cn+i —> 7r„(A) with fn+i o dn +2 = 0, which renders commutative the 
diagram 

Cn+l > 7r„(A) 

dn + l j 

a^^7r„(A,A["-il) 

where j is induced by the inclusion (A, *) —> (A, A["“^1), and 

^„(A, a["-i1) ^„(A, A["-i 1) iJ„(A, A["-i1) 

is the Hurewicz isomorphism, h, composed with uf^, the inverse of the isomorphism induced by 
the universal covering map. 


3. Formulation and Necessity of the Realisation Condition 

3.1. As the (n — 2)-type, P„_ 2 A, of the PD"-complex, A, with (n — 2)-connected universal cover, is an 
Eilenberg-Mac Lane space, A(7ri(A), l), we may identify the fundamental triple of A with (7ri(A), w,/r), 
where w and p, are, respectively, the images of uJx and [A] in the group homology of 7ri(A). 

Lemma 3.1. Let (A, wx, [A]) be a PU^-complex with (n — 2)-connected universal cover. Then, for all 
1 < i < n — 1, 

P*(^i(A); “"A) =0 

Proof. Construct an Eilenberg-Mac Lane space K = K (tti (A), l) from A by attaching cells of dimension 
n and higher. 

As the universal cover A of A is (n — 2)-connected, the cellular chain complexes of the universal covers 
A and K coincide in degrees below n: 

Ci{X) = Ci{K) for 0 < f < n 
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Hence, for 1 < z < n — 1, 

H^-KiiX)- “A) = H\K- “^A) 

= H\X-, ‘^A) 

= Hn-i{X] A) by Poincare duality 


3.2. To formulate the realisation condition, we introduce set of functors, {Gq \ q G Z}, from the category 
of chain complexes of projective left A-modules and homotopy classes of chain maps to the stable category 
of A. 

Given chain complexes of projective left A-modules, C, D, and a chain map f: C —;■ D, we have the 
commutative diagram 


C„ 


D, 


■Cq-l - 
fq-1 

Dq-l — 


Put 


Gq{C) := coker (d^) = [d^) 


and let Gg(f) be the induced map of cokernels 


im(d^ 

im(d,j^) 


- Gq-l 

fq-1 

^ Dq-l 


G,{C) 


3! 


G,(f) 


G,(D) 


Direct verification shows that each Gq is a functor from the category of chain complexes of left A-modules 
to the category of left A-modules. 

By Lemma 4.2 in [3], chain homotopic maps f ~ g: C —)■ D induce homotopic maps G„(f) ~ G„(g), 
that is, Gq(f) — Gg(g) factors through a projective A-module. 

Hence, for each g G Z, G, is a functor from the category of chain complexes of projective left A-modules 
to the stable category of A. 


3.3. Let X be PD" complex with n >3. Put A = Z[7ri(Ar)] and take w G (Tri{X)-, ^/2Z). 

By Remark 2.3 and Lemma 3.6 in [5], we may assume that X = X' Ue^ is standard (or weakly standard 
if n = 3) with 

G„(X) = G„(X')©A[e] 

where [e] corresponds to e", 1 ® [e] G Z“ ©a G„(X) is a cycle representing [AT], the fundamental class of 
X, and [e] is a generator of Gn{X). 

Write F9 for G,(‘^HomA( ,A)). 

Poncare duality, together with Lemma 4.3 in [3], provides the homotopy equivalence of A-modules 

G-n+i(_- (1® [e])): P^”-'(C(1)) ^Gi(C(X)) 

Since Hi{G{X)) = 0, Gi(C(X)) = I. Thus, 

d: Gi(C(X)) [c]^di(c) 

is an isomorphism of A-modules. 

Construct the (n — 2)-type oi X, P = P„_ 2 (X) by attaching to X cells of dimension n and higher. 
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Then the Postnikov section p: X —> P is the identity on the (n — l)-skeleta and for 0 < i < n, 

C,{X) = CiiP) 

Composing G_„+i with 0, we obtain the homotopy equivalence of left A-modules 

0oG_„+i(_- (1® [e])): F"-i(C(P)) 

3.4. Given a chain complex of free left A-modules, C, we define a homomorphism 

iyc,r-- Hr+l{lP ®A C) [i^"(C), J] 

with the property that (■*^*([^])) is the homotopy class of the homotopy equivalence 

0oG_„+i(_-(l®[e])): i^"-i(C(X)) 

The short exact sequence of chain complexes 

0 —> 7C —> C ^ ®A C —> 0 

yields the connecting homomorphism 

5: Hr+l {IP ®A C) ^ Hr{IC) 

1®C I->■ dr- 1-1 (c) 

Then vc,r is the composition of 5 with 

9c..: Hr{7C) [F'^{C),I] 
where, for [A.c] € Hr{IC), 9c,r([A.c]) is the class of 


M '—^ = ^{c).X 

Lemma 3.2. The map 9c,. is a well defined homomorphism of groups. 


Proof. Let A.c € /C be a cycle. 

Since aug(A) = 0, 

aug((^(c).A) = (^(c). aug(A) = 0 

showing that Lp{c).X € I. 

Further, for ip' = p + d*if = p + 'ifdr, we obtain 

p'{X.c) = p{X.c) -\- tp^driX.c)) 

= p(X.c) -I- 0 
= TiX-c) 

showing that p(c).X depends only on [(/?], not p itself. 

Finally, for A € /,c S Gr-i-i, 9c,r([dr-i-i(A.c)]) is represented by the composition of the A-morphisms 

“HomA(Gr, A) —> A, p i —> p(dr+ic) 

followed by 

gj: A—^ I, pi—> p.X 

As A is free, this composition is null-homotopic, showing that 9c,r([A.c]) is independent of the represen¬ 
tative of the class [A.c]. 

Thus 9 is well defined. □ 


The Turaev map is the morphism 

Lemma 3.3. ^ G'-n+i (1 [e]))] 
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Proof. Take a diagonal A: C(A') —;■ C(A) (g)z C(A) and a chain homotopy a: C(A') —> C(A) such 
that 

id — {id ® aug)A = da-\- ad 

where we identify C 02 Z with C. 

Suppose that 

Ae = e( 8 )A + ^ ^ xe^i ® yi^n-i 

i 0<i<n 

Then 

e= {id® aug)( 8 ) A + E E ® yi,n-i^ + dae + ade 

t 0<z<n 

= {id ® aug) (g) A + E E <8 + 0 + ade asC'„+i(A )=0 

i 0<z<n 

= e® aug(A) + ade 
= aug(A)e + ade 

where we have identified Cn{X) ® Co{X) = Cn{X) ® A with C'„(A), using c® X i—5- A.e. 

Since [1 (g) e] generates id„ (A; Z“) = Z, 

1 (g) e = 1 (g) aug(A.e) + 1 (g ade 

= aug(A) (g) e + (1 (g a)(l ® d)(l (g e) 

= aug(A) (g e + (1 (g a)(0) 
whence aug(A) = 1, or aug(A — 1) = 0. 

Hence, A — 1 € / = im((i 2 ), or, A = 1 + ^ 2 ( 02 ) for some C 2 G C 2 {X). 

Thus, given (p G HomA (C„(A), A), 

^ (1 (g e) = (p{e) ® A 

= ip{e) (g (1 + ^ 2 ( 02 )) 

= p{e){l + d 2 {c 2 )) 

Since G(_ ^ (1 (g [e])) is a chain map, 

{e oG-n+i{_'-' (1 (g [e]))) ([<^]) = di{G-n+i{_^ (1 (g [e]))([(p])) 

= G_„(_^(l®[e]))(K(^)]) 

= d*n{p) -- (1 g [e]) 

= dl{ip){e){l + dc 2 d 2 ) 

= p{dn{e)){l + 02 ^ 2 ) 

On the other hand, 

^c(p),„_i(p 4[^]))(M) = ^c(p).«-i(p*(i® H))(M) 

= ^c(p).«-i(^(i® H))(M) 

“ ^C(P),n-l(['^"(®)]) ([‘^]) 

Hence, by definition, Pqj-p) (p*([A 1])) is represented by the A-morphism 

(c(P)) ^ /, [(^] ^ ^(d„(e)) 

To conclude the proof, note that 

i^"-lC(P) ^ I, [p] ^ p{dn{e)).d2{c2) 

□ 


is null-homotopic. 
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3.5. As 0 o G_„+i(_ ^ (1 (g) [e])) is a homotopy equivalence of A-modules, Lemma provides a 
necessary condition for realisation. 

Theorem 3.4. If a fundamental triple (Pri_ 2 , w, /r), consisting of an {n—2)-type, Pn- 2 , oj G {Pn -2 \ ^/2Z) 

and pL G Hn{Pn- 2 ', is the fundamental triple of a PD^-complex X, then V( 2 {p 2 ) Turaev 

map applied to pL, is a homotopy equivalence of modules over A = Z[7ri(P„_2)]. 


Proof. Let Pn -2 be an {n — 2)-type. Take w G (P„_ 2 ; ^/2Z) and /r G iL„(P„_ 2 ; Z“). Suppose that 
(P„_ 2 ,w,/x) is the fundamental triple of the PD"-complex, X. 

If Pn -2 is an (n — 2)-type obtained by attaching to X cells of dimension n and higher, then there is a 
homotopy equivalence /: Pn -2 —> Pn -2 with /*(/i) = A([X]), where i: X —> Pn -2 is the inclusion. 

By Lemma [3.31 

^c(P„_ 2 )n-i(**[^]) = [6 »oG_„+i(_- (1® [e]))] 

and is hence a homotopy equivalence of A-modules. 


The diagram 


P"-1(C(P„_2)) 

P"-1(C(P'_2)) 


C(P„-2).> 


-lip) 


I 


,_i (/• ip)) d* [^D 


I 


C(P'n-2)' 


commutes, so that v, 


C(P„_2),n-l 


(p.) is a homotopy equivalence of modules. 


□ 


Necessary conditions for realisation are a corollary to Lemma 13.11 and Theorem 13.41 

Corollary 3.5 (Conditions for Realisability). Let (G, w, /i) be a triple with G a group, uj G (G; ^/2Z) 
and pL G Hn{G; IP). 

If{G,uj,pi) is the fundamental triple of a PD""-complex, X, with [n — 2)-connected universal cover, then 
^c(K) ® homotopy equivalence of A = Z[7ri(A)] modules, and for 1 < i < n — 1 

H\G; ‘^A) = 0 


4. Sufficiency of the Realisation Condition 

Let G be a finitely presentable group of type FPji, with P*(G; “Z[G]) = 0forl<i<n — 1, and 
n > 3. 

Let K' = K{G, 1) be an Eilenberg-Mac Lane space and identify the (co-)homologies of G and K'. 

Given a; G P^(G;^/2Z) and pi G Hn{G-,IP), with n-i^h) ^ class of homotopy equivalences of 

Z[G]-modules, we construct a PD”-complex, X, with (n — 2)-connected universal cover and fundamental 
triple (G, w, /i). 

Let K' —> K' be the universal covering space of K'. 

By our assumptions about G, we can choose K' with finitely many cells in each dimension. 

Let h: P”“^(C(Ar')) —/ be a representative of Then is a homotopy equivalence of 

A-modules. By Theorem 4.1 and Observation 1 in /i factors as 

F'^-^{C(K'))> -^ P"-i(C(A^')) ® A™ >—^ /©P -^ I 

for some m G N and P a projective A-module. 

Let P = (e° U e"“^) U e" be the n-dimensional ball and replace K' by the Eilenberg-Mac Lane space 

m 

K = K' 
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Then F" ^(C(Fr)) = F" ^(C(Fr')) ©A"* and the factorisation of h becomes 

h: F"-i(C(^)) >—^ 


/©F / 


Consider the A-morphism, tp, given by the composition 

C^-\k) = “HomA (C„_i(i^),A) ^^F"-i(C(i^))>^ 


■/©F 


i 0 
0 id 


A©F 


where tt is the natural projection onto the cokernel, and i: / ^ A is the inclusion. 
Since F"“^(C(Fr)) = C'n-i(Fr)/ini(d*_^) by definition, (p o = 0. 

The dual of tp is a A-morphism 

p*: {A® P)* ^ C„-kk)** 

As is a finitely generated free A-module, the natural map 

is an isomorphism and we define 

d„: (A©F)* 
by 

dn = Ce) ^ o p* 

By the naturality of “^e, 

dn-i odn = o dl*_i o‘^ eo ke)~^ o p* 

= ke)-^oipod:_,r 

= 0 


We first consider the case when F is free, so that F = A'J for some q S N and A © F = A'J+^. 

Since is (n — 2)-connected, the Hurewicz homomomorphism 

hg-. 7r,(x[”-b) 

is an isomorphism for q < n — 1 and we obtain the map 

p': A«+i ^ (A©F)* ^ker(d„_i) = F„_i(x["-b) 

Let C be the chain complex of A-modules 

A-?+^ ^ (A©F)* > ... ->C'i(F:[”-b)-^A 

Then Y = (C,^, is a homotopy system of order n. 

As Ci = 0 for i > n, iL"+^(F;r„y) = 0 and, by Proposition 8.3 in [5], there is a homotopy system 
(C,0,X) of order n + 1 realising Y, with X an n-dimensional CW-complex. 

By construction, C(A1) = C and the universal cover of AT is (n — 2)-connected. 

The inclusion i: —> K extends to a map 

f-.X^K = K{G,l) 

and we may consider u S (^K;'^/2Z) as element of F^(A1;^/2Z). 

Proposition 4.1. X is a PD^-complex with fundamental triple {G,uj,p), that is 

(i) Z^H^{X;Z^) = {[X]); 

(ii) f4[X])=p; 

(iii) _^ [X] : H^(X; ^A) — > Hn-r{X; A) is an isomorphism for every r € Z. 
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Proof, (i) As C(X) = C is a chain complex of finitely generated free A-modules, the natural map 

77 c : (8 )a C —s- HomA (‘^HomA(C, A), Z) 

is an isomorphism. 

Hence, Z“) = ker(l (g) d„) = ker((/?+), for 

(p+: HomA(A©A«,Z) ^ HomA f HomA(C'„_i(.A["-il), A),Z), 

7/1 I —> Ip o ip 


Since, by definition. 


ip := 


i 

0 


0 

id 


o j ott: “ HomA {Cn-i{K), A) —A © A^ 


we obtain 


= tt”*" o o 



Since both tt and j are surjective, both tt'*' and j~^ are injective, whence 

+\ 


ker(93“^) = ker 


= ker 


i 0 
0 id 

i+ 0’ 
0 id 


^ ker(f+) 


But / is generated by elements 1 — g {g € G), and, for ip G HomA (A, Z), we have 

{lpoi){l-g) =ip{l-g) 

= iP{l-g.\) 

= iP{l)-g.iP{l) 

= 0 


Hence, 


ker((/5“'") = HomA(A,Z) = Z 


generated by 


aug o prA: A © A"^ —Z 

the projection onto the first factor, followed by the augmentation. 

Let [A] = [l(8)a:] G Hn{X\lP) be the homology class corresponding to augoprA under the isomorphism 
iL„(A; Z*^) = ker(l dn) = ker((p+) = HomA (A, Z). 

Then a; G (A © A'^)* is projection onto the hrst factor. 


(ii) 

By the proof of Lemma 1©^ ^c(A) represented by 











Thus, given ijj € C'„_i(X)* = Cn-iiK)*, 

ip{dn{x)) = 'i/^(“ev-i((/3*(a;))) 


= tf}[‘^ey~^{x o (^)) 

= ‘^ev(‘^ev-i(a;o(^))(V;) 

= {X0ip){ll}) 


= ( 
= (a 


X o 


i 0 
0 id 

i O' 
0 id 


o j O7r)('0) 




= {i o pri o j){[ip])) 

= hm 


Hence, is the homotopy class of h so that 

By Lemma 2.5 in 0 , ^C(if).n -1 injective, whence p = f*i[X]). 

(iii) Given 1 < j < n — 1 

and, by the definition of p, 

Moreover, 

H\X- X^) = X^) 

^ H\G]X^) 

= 0 by hypothesis 

Thus 

_ - (1 0 [X]): H\X- ^X) A) 

is an isomorphism for 0 < i < n, and it remains only to consider i = 0 , n. 

As P and A © P are free, C(X) is a chain complex of free A-modules. Since the (twisted) evaluation 
map from a finitely generated free A-module to its double dual is an isomorphism, we obtain 

P"(X; -"A) = P_„(‘"HomA(C(X), “A)) 

= -HomA(C„(X),-A)/i^(^*)* 

— A ® P/im{p) 

^A/I 


The class, [ 7 ], of the image of (1,0) € A©P under the (twisted) evaluation isomorphism generates 
P"(X; “AV) and so, by Lemma 4.4 of [3], 

[ 7 ] ^ [^] = [ 7 ] -- [1 0 a :^] 

= [7(3;)-eo] 

= [eo] as 7(1 0 x) = 1 

where cq € C'o(X) is a chain representing the base point. 

Thus, 

[X]: H^{X; “A) 
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Ho{X-,A) 










is an isomorphism and_^ (1 ® x) yields the chain homotopy equivalence 

*n-l -^ Cn-liX)* -^ Cr^iX)* -^ 0 

d2 -^ C'i(X) -^ Co{X) -^ 0 

Applying the functor ‘^HomA(_,A), we obtain a chain homotopy induced by (_ ^ (1 (8)x))*. Hence, 

(_ ^ (1 ® x))* induces the? isomorphism 

H\X-X)^Hn{X-X) 

By Lemma 2.1 in [3], (_^ (1 (8* a;))* induces an isomorphism in homology if and only if_^ (1 ® x) 

does, whence 

[A]: H\X- ‘"A) ^iL„(A;A) 

is an isomorphism. □ 


0 - )■ imd 

1 j 

0 -S’ im 


Suppose now that P is projective, but not free. 

Then there is a finitely generated A-module Q and a natural number q with P* (B Q = . The natural 

isomorphisms 

(A © P)* © A°° ^ A* © P* © (Q © P* © • • •) 

^ A © (P* © Q © P* © Q • • •) 

^ A“ 


show that (A © P)* © A°° is a free A-module. 
Consider the chain complex D 


0 —)-(A©P)* © A° 


dn 0 

0 id 


-^ Cn-l 




,A- 






-t Cn-3 




We may attach infinitely many n-balls to aI" to obtain a CW-complex, K', whose cellular chain 
complex coincides with the chain complex D in dimensions < n — 1. 

'[n—1] 

Then K' is (n — 2)-connected, and the Hurewicz homomomorphism 

—'[n —ll, —'[n—ll. 

hg:TT,{K'' ) 

is an isomorphism for q < n — 1. Defining the map 

(A©P)*©A“ ^ker(d„_i) = 

X I-^ K\{[dnix)]) 

we obtain the homotopy system Y' = (D, if, of order n. 

As P* = 0 for i > n, H^+^(Y'; T^F') = 0. 

By Proposition 8.3 in [5], there is then a homotopy system (C,0, A') of order n + 1 realising Y', with 
X' an n-dimensional ClT-complex. 
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Observe that D, the chain complex of X, is chain homotopy equivalent to the chain complex W 


>P*®Q 








0 

O' 

id 

o' 


0 

o' 


0 

0 

0 

0 

V D* FTN yO 

0 

id 

V D* /TN yO 

0 

id_ 


^ P* ®Q - -^ P* ®Q - 


(A©P)*©Q 
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C„_3(if 


By Theorem 2 of [7], there is a ClT-complex, X, with cellular chain complex W, homotopy equivalent 
to AT'. 

The proof that X realises {G,uj,ii) is similar to the proof of ProDOsition l4.ll 
This completes the proof of Theorem A. 


5. Decomposition as Connected Sum 

Wall constructed a new PD" complex from given ones using the connected sum of PU^ eomplexes (cf [5]). 
This allows PD" complexes to be decomposed as connected sum of other, simpler PD" complexes. 

Take PD" complexes {Xk,0Jk, [AT/c]) for fc = 1,2. 

Then we may express Xk as the mapping cone 

Xk = XI U/, el 

for suitable fk '■ 5'"“^ —S' X'f.. 

Here, X^ is an (n — l)-dimensional CW-complex when n > 3, and when n = 3, X^ is 3-dimensional with 
H^{X'f.]B) — 0 for all coefficient modules, B. 

For fc = 1, 2, let ink '■ X'^ —s- X[ V be the canonical inclusion of the summand and put 

fk ■■= ikofk. ^ V X' 

so that fk determines an element of 7r„_i(X( V Xf) 

Let /i + / 2 : 5"“^ —> X[ V X 2 represent the homotopy class [fi] + [/ 2 ]. 

Then the connected sum, X = XiffX 2 , of Xi and X 2 is the mapping cone of fi + f 2 , 

Xi#X2:= (X(VX') U/,+/,e" 

It follows from the Seifert-van Kampen Theorem that 

7ri(X) = 7ri(Xi) * 7ri(X2) 

The canonical inclusion ink'- Tri{Xk) —S' induces a (left, resp. right) Z[7ri(Xfc)]-module structure 

on any (left resp. right) A = Z[7ri (X)]-module. In particular A is a 7ri(Xfe)-bimodule. 

By the universal property of the free product, the morphisms cox^ = 'inl(ujx) uniquely determine a 
morphism 

UJX-- 7ri(X) —S' Z/2Z 

Given left Z[7ri(Xfe)]-modules M, N and a Z[7ri(X)]-morphism a: M — > N, put 

LfcM := A©z[^j(Xj,)] M 

(*) 

Lka := idA ®z[7ri(Xfc)] a: A ©z[,ri(Xfc)] Af —s- A ©z[7ri(Xfc)] N 
Plainly, Lk is a functor from the category of left Z[7ri(Xfc)]-modules to the category of left A-modules. 
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Let C(X) be the Z[ 7 ri(X)]-cellular chain complex of the universal cover of X, and B the subcomplex 
containing the n-cell attached by /i + f 2 - 

Then B is a Poincare duality chain complex ([5] p.2361) and it follows Theorem 2.3 of [3] that Lk{C{Xk)) 
is also a Poincare duality chain complex. 

Let X be the chain representing the n-cell attached by fi + f 2 - Repeated application of Theorem 2.3 of 
[3] shows that Li(^C{Xi)) + L 2 {C{X 2 )) is a Poincare duality chain complex. 

Hence {X,ujx, [1 < 8 ) a:]) is a Poincare duality complex. This is the connected sum of {Xi,ujxi, [-^i]) o-nd 
{X 2 ,ujx 2 , [-^ 2 ]), introduced by Wall in [S]. 

We have seen that a necessary condition for a Poincare duality complex to be a connected sum of Poincare 
duality complexes is that its fundamental group be the free product of groups. We show that, in our 
context, this condition is also sufficient. 

Theorem B. A PD"' complex with (n — 2)-connected universal cover, decomposes as a connected sum 
if and only if its fundamental group decomposes as a free product of groups. 

Proof. It only remains to prove sufficiency. 

Let {X,u}x, [-^]) be a PD" complex with (n — 2)-connected universal cover such that 

TTl^X) = Gl * G 2 

with Gi,G 2 groups. 

As 7 ri(X) is finitely presentable, so are Gi and 6 * 2 . 

For j = 1, 2, let Kj = K{Gj] 1) be an Eilenberg-Mac Lane space with finite 2-skeleton. 

Then Ki V K 2 is an Eilenberg-Mac Lane space, K{Gi * G 2 ; 1), and 

where ojj G H^{Kj;'^/2'Z) is the restriction of the orientation character uj G H^{K;'^/2'If). 

Thus, nx = fJ-i + M 2 , with p,j G ) for j = 1, 2. 

By the discussion above, if the PD" complex Xj, with (n — 2)-connected universal cover realises the 
fundamental triple (Gj,ujj, fj.j), then the connected sum of Xi and X 2 realises the fundamental triple of 
X, whence, by the Classification Theorem in [2], X is orientedly homotopy equivalent to XiffX 2 . 

Hence, it is sufficient to construct realisations of {Gj,u}j,yLj) (j = 1,2). 

Let Lj be the functor defined in ©, so that for i > 1 

C,iK) = Li{G,{K,)) ® L2{G,{K2)) 

It follows that 

F"-i(C(iG)) =Li(E"-i(C(iGi))) 0 L 2 (F”-'(C(iF 2 ))) 

and 

7(^1 (X)) = Li(7(Gi)) ©L2(7(G2)) 

where the canonical inclusion is given by 

Lj{l{Gj)) 7(G), 

for pi G 'L\'Ki{X)] and A G 7(G) viewed as an element of 7 ( 7 ri(Af)). 

Let ipj: ^ I{Gj) be a Z[Gj]-morphism representing the class .) 

Then the class, Vq(^x homotopy equivalences is represented by 

Li(^F"-\C{Ki))) ® L2 (f"-\C{K2))) = F"-\C{K)) 

Li(7(Gi)©L2(7(G2)) = 7(G) 
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and it follows from the proof of the analogous proposition for n = 3 on pp.269-270 in [5], that ipj is a 
homotopy equivalence of modules. 

By Theorem A, (Gj, ujj , ) is realised by a PD" complex, Xj , with (n — 2)-connected universal cover. □ 
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